I. INTRODUCTION
In 1916, Karl Schwarzschild [1, 2] was the first who discovered an exact solution to Einstein's equations of the general theory of relativity [3] . The well-known Schwarzschild spacetime describes the geometry caused by a spherically symmetric mass distribution. If we concentrate the mass within a distinct radius, the so-called Schwarzschild radius, the curvature of spacetime will get so strong that even light cannot escape and the result is a black hole.
The most prominent effect of curved spacetime is the bending of light rays, represented by null geodesics, which results in a visual distortion. In the case of a black hole, Schastok [4] , Nemiroff [5] , Kraus [6] and several others have shown how this distortion influences the view of the stellar sky. The interesting fact is that an observer will not only see a star to appear at a different position compared to the situation without a black hole, but he will also see multiple images of it. If a star is exactly behind a Schwarzschild black hole, the multiple images of the star will form an Einstein ring because of the spherical symmetry of the spacetime. But, there is not only one Einstein ring. Light rays starting from the star could also orbit the black hole several times before reaching the observer which yields, in principle, an arbitrary number of concentric rings. Apart from natural light sources like stars, an observer could produce his own source by emitting a flash of light. Then, the curved spacetime would reflect a part of the flash back to the observer. Note that, in this way, an observer could even see himself. Stuckey [7] explains this effect as the boomerang emission of photons. Holz and Wheeler [8] discuss the usability of the bending of light for revealing distant black holes through their reflection of light from the Sun.
The bending of light due to a mass distribution like a galaxy or galaxy cluster is generally known as gravitational lensing. While approximations prove to be adequate for weak gravitational sources, exact gravitational lensing is required for high curvature regions. Frittelli et al. [9] developed an exact lens equation within a fourdimensional static spacetime and compared the corresponding Schwarzschild case to the thin-lens approximation. Virbhadra and Ellis [10] studied the exact bending of light due to a Schwarzschild black hole and the application to the Galactic black hole, where the observer as well as the light source are situated in the asymptotic flat spacetime region.
Until today, we have not found a black hole in our direct neighborhood, fortunately. The closest well-known black hole is the supermassive one in the center of our galaxy, compare e.g. Genzel [11] and Ghez [12] . However, the galactic black hole is not suitable for the distance and mass measurement presented here. On the one hand, it is actually too far away from us, roughly 7.62 kpc. In that case, the distance is measured indirectly by the help of Dopplershifted spectra of stars orbiting the black hole, compare e.g. Eisenhauer [13] . On the other hand, the galactic black hole is expected to rotate so that the Kerr metric [14] has to be used instead of the Schwarzschild metric.
The aim of this article is to present a mathematical method to determine the mass of a Schwarzschild black hole as well as the distance of the observer using only a flash of light or a distant star and a watch. Because of the strong deflection of light close to a black hole, a flash of light will result in several Einstein rings. The center of these concentric rings will give us the connecting line between the black hole and the observer. However, as we will see later, it will not always give us the absolute direction. From the apex angles alone, we can only determine the distance to the black hole scaled by the Schwarzschild radius. But, since we consider a flash of light, the finiteness of the speed of light separates the appearances of the rings in time. Both pieces of information, the apex angles and the difference in time, make it possible to determine the mass of the black hole as well as the absolute distance. Here, the analytic solution of the null geodesic equation clearly simplifies the calculations [15] . Even if we cannot always explicitly specify the parameter in question, we can at least give an implicit equation which can be solved easily. Furthermore, because of the exact solution, we are not restricted to a weak or strong field approximation as used in the gravitational lens theory and the observer as well as the light source can be situated anywhere outside the black hole horizon.
In Sec. II, we review the Schwarzschild spacetime and introduce the natural local tetrad which serves as a local reference frame of a static observer. In the limit of geometric optics, light rays can be represented by null geodesics. In Sec. III, we study their qualitative behavior. Since we need the analytic solution of the null geodesic equation, we give a short outline of it in Sec. IV. The distance and mass measurement by means of a flash of light will be investigated in Sec. V. The more realistic measurement with a distant source will be shown in Sec. VI.
II. THE SCHWARZSCHILD SPACETIME
The geometry of the Schwarzschild spacetime manifold M can be described by the Schwarzschild metric given in the line element representation ds 2 ¼ g dx dx with
where
Þ is the spherical surface element and r s ¼ 2GM=c 2 is the Schwarzschild radius. It is determined by Newton's gravitational constant G, the speed of light c and, above all, the mass M of the black hole. With t 2 ðÀ1; 1Þ we have a global time coordinate, whereas r, #, ' are the usual spherical coordinates. The connection between coordinate time t and proper time of a static observer follows from the metric (1) with
Át. The local reference frame of an observer in the Schwarzschild spacetime is given by a local tetrad e i ¼ e i @ , , i ¼ t, r, #, ' which we will adapt here to the spherical coordinates and the symmetries of the metric [19] :
This local reference frame has to fulfill the orthonormality condition gðe i ; e j Þ ¼ g e i e j ¼ ij with the Schwarzschild metric g and the Minkowski metric ij ¼ diagðÀ1; 1; 1; 1Þ. The observer will describe a direction y with respect to his tetrad as y ¼ y n e n ¼ AEe t À cose r þ sine ' ¼ y @ , where the sign decides whether the fourdirection points to the future ( þ ) or the past ( À ). We can neglect the e # direction here because of the spherical symmetry of the Schwarzschild spacetime. Without restrictions, the angle is confined to the region (0, ). The direction ¼ 0 points straight to the black hole.
III. NULL GEODESICS
Since the Schwarzschild spacetime is spherically symmetric, coordinates can always be chosen such that a geodesic will completely lie in the # ¼ =2 plane. Using the Lagrangian formalism [21] with the Lagrangian function
for the Schwarzschild metric (1), the Euler-Lagrangian equations lead to two constants of motion ð1 À r s =rÞc 2 
and h ¼ r obs sin. In the case of null geodesics, the Lagrangian function L ¼ 0, together with the constants of motion k and h, yields the energy balance equation
The maximum V max ¼ 2r 
From the observer's point of view, the black hole covers a circular region with apex angle 2 crit , compare MTW [22] . The closest approach x min of a geodesic to the black hole follows from intersecting the effective potential V eff with the constant of motion k,
where we have introduced the abbreviation
In the case of the critical angle, ¼ crit , we have a 2 crit ¼ 4=27.
In the following, we will trace back null geodesics in time. For that, we speak of null geodesics starting from the observer with initial angle which might be counterintuitive. However, this method is well known under the term ''Ray tracing'' which is a common method in computer visualization.
IV. ORBITAL MOTION OF NULL GEODESICS
The orbital motion of a null geodesic follows from the constants of motion k and h together with the energy balance equation (4) . Instead of the radial coordinate r we use the already defined scaled coordinate x ¼ r s =r. Thus, the orbital equation
with a from Eq. (7). Because the right-hand side of Eq. (8) is a cubic polynomial, the differential equation leads to an elliptic integral. In principle, we could integrate Eq. (8) numerically by standard methods, see for example Numerical Recipes [23] . However, in the next section we have to solve for the unknown observation angle which is included in the parameter a. That's why we cannot simply integrate Eq. (8) but have to use elliptic integral functions [24] .
From the fundamental theorem of algebra we know that we can always find a decomposition of a cubic equation into three, in general, complex roots. Thus, we can write the elliptic integral (8) as
The substitution or Möbius transformation x ¼ ðx 1 t 2 À x 2 Þ=ðt 2 À 1Þ brings Eq. (9) into the standard form of an elliptic integral of the first kind,
with m 2 ¼ ðx 1 À x 3 Þ=ðx 2 À x 3 Þ. Thus, we can write
The three roots x 1 , x 2 , x 3 follow from the cubic equation
If we consider only null geodesics with crit < < À crit , we obtain the three distinct real roots
where Â follows from cosð3ÂÞ ¼ 1 À 27a 2 =2. A geometric discussion of the cubic equation can be found in Appendix A. Note that Eq. (11) is only a first integral of Eq. (8) and must be adapted to the appropriate boundary conditions.
If the null geodesic goes to infinity, (x ¼ 0), it reaches a maximum angle ' 1 with
where we have to use the positive sign for < 2 and the negative sign for > 2 . Two important relations for the elliptic integral of the first kind are given in Appendix B.
The actual orbital equation x ¼ xð'Þ follows from inverting Eq. (11),
with initial angle ' 0 ¼ ðx obs Þ and the Jacobian elliptic function sn. In general, we have to deal with complex arguments and complex modules of the Jacobian function. However, by some lengthy calculations one can show that the result is always real.
Beside the orbital equation we also have to calculate the coordinate time Át a null geodesic needs to cover some distance along its orbit. As before, the differential equation for the progress of time follows from the constants of motion k and h together with the energy balance equation (4) . The transformation to the scaled distance x ¼ r s =r leads to the equation
The algebraic computation of this integral is quite time consuming and ends with a big expression. For our purpose, it suffices to integrate Eq. (15) numerically because we already know the parameter a. Here, the important point is that the integral depends linearly on the Schwarzschild radius r s . Thus, we obtain
where the dimensionless time integral can be evaluated without knowledge of the mass of the black hole. On the contrary, we can determine the black hole mass if the distances x obs and x src as well as the time Át are known for some distinct situations. At the point of closest approach x ¼ x min , Eq. (6), we have ð1 À x min Þx 2 min ¼ a 2 and the root in Eq. (16a) diverges, but the integral remains finite. In that case, we have to split the integral into two branches.
V. DETERMINING DISTANCE AND MASS OF A BLACK HOLE BY A FLASH OF LIGHT
Consider an observer who is located in a Schwarzschild spacetime. How can he determine the mass and his distance to the black hole? If he emits a flash of light, an Einstein ring will appear after some proper time Á [25] . The center of the ring gives the direction or opposite direction to the black hole. In Fig. 1 the two-dimensional situation is plotted.
In Sec. IV we have seen that the orbital motion of a null geodesic in the Schwarzschild spacetime scales with the mass of the black hole. Thus, the apex angle of the Einstein ring depends only on the mass to distance ratio x obs ¼ r s =r obs .
A. Relation between x obs and
Since an Einstein ring can only arise when the null geodesic orbits the black hole without plunging into it, the critical angle crit must be smaller than the apex angle ring . Thus, from the condition a 2 < a 2 crit it follows, that, given an observation angle ¼ ring , not all of the distances x obs are possible. For that, we have to solve the cubic equation
with a 2 ¼ 4=27, compare Eq. (7). As in the previous section, we obtain the three real roots from Eq. (12) with cosð3ÂÞ ¼ cosð2Þ. Thus, the position of the observer x obs is limited to the range 0 < x obs < x crit , which depends on the angle ring , compare Fig. 2 ,
B. Mass and distance
By means of the elliptic integral (11) we can now determine the mass to distance ratio x obs ¼ r s =r obs of the observer to the black hole. For that, we only need the observed apex angle ring of the ring. Since the null geodesics forming the primary Einstein ring must have their closest approach at ' ¼ , we have to solve the following equation
With the auxiliary variable
of the roots (12) and x min ¼ x 2 , we obtain the implicit equation
Equation (21) is strongly monotonic in the variable x obs and thus can be solved, for example, by a simple root finding algorithm. Figure 3 shows the resulting function x obs ¼ x obs ð ring Þ.
If the observer is located at the photon orbit x obs ¼ x po ¼ 2 3 , the light from the flash will give him the impression to be in the center of the ring. From this point, he cannot decide whether the black hole is on the one or the Here, for an observer located at x obs ¼ 0:2, the apex angle ring % 27:9935 .
FIG. 2.
The observation angle ring is plotted on the abscissa whereas the distance x obs is plotted on the ordinate. If there is an Einstein ring with apex angle ring , the position of the observer is limited to the interval 0 < x obs < x crit , where x crit ðÞ is the scaled position for which the angle is the critical angle crit . The dark gray region is prohibited. Note that for > =2, the observer can also be located below the photon orbit r po .
other side. However, this is also true for any other apex angle. As long as we restrict to visual perception of the primary Einstein ring of a single flash, the observer has no possibility to distinguish between ring and À ring . Hence, the mass to distance ratio can either be x obs ð ring Þ or x obs ð À ring Þ. In Fig. 4 the complementary situation to Fig. 1 is shown. The observer, who is now just above the horizon, would also see an Einstein ring with apparently the same apex angle as in Fig. 1 . But he actually measures the supplementary angle 0 ring ¼ À ring . Note that the apex angle 0 ring in Fig. 4 appears to be greater than ring of Fig. 1 even though they should be equal. The reason for this discrepancy is based on the fact that angles have to be measured with respect to the observer's local reference frame and not with respect to these pseudo-Cartesian coordinates. Now, the observer has measured not only the apex angle ring of the primary Einstein ring but also the proper time Á between emitting the flash of light and the appearance of the ring. As before, we integrate the coordinate time from the observer to the point of closest approach. Thus, the proper time Á follows from Eq. (16a),
In Fig. 5 , the scaled proper time x obs cÁ=r s is shown as function of the apex angle ring and the corresponding scaled distance x obs .
As an example, let us consider the situation where an observer will see an Einstein ring with observation angle ring ¼ 15 which forms 20 minutes after emitting the flash of light. From Eq. (21) we obtain the scaled distance x obs % 0:103 415 and Eq. (16a) yields 2T % 33:316. Thus, the observer might be located a distance r obs % 367:83 ls away from the black hole which has a mass of M % 3:86 Â 10 6 M [27]. However, the observer cannot decide whether he is located outside or inside the photon orbit. The observation angle could also be ring ¼ 165 ð 0 ring ¼ 15 Þ. In that case, his scaled distance to the black hole would be x obs % 0:989 913 and the other parameters were M % 55:1 Â 10 6 M and r obs % 548:94 ls.
As long as we restrict to the primary Einstein ring, we cannot distinguish between both solutions. But, if we wait some more time until the secondary Einstein ring will Fig. 1 . Here, the observer is located at x obs % 0:965.
FIG. 3.
Depending on the apex angle ring of the Einstein ring (abscissa) the observer is located at the scaled distance x obs (ordinate). If ring ¼ =2, the observer is located at the photon orbit x po ¼ As long as we know that the observer is located outside the photon orbit, the primary Einstein ring suffices to determine the position of the observer. However, in the general case we also need the secondary ring.
C. Size of the rings
So far, we considered only a pointlike source which is responsible for the flash of light. In that case, the Einstein rings would be infinitely thin. However, in general each light source has a finite extension and the width of the Einstein rings will depend on that extension.
If a light source has an extension Á' ( 1 with respect to the azimuthal coordinate ', the width Á of the corresponding Einstein ring, compare Fig. 6 , follows from Á ¼ ðd'=dÞ À1 Á', where the derivative is
Here, the roots x i as well as the module m are functions of the apex angle . D is the elliptic integral of the second kind [24] . Figure 7 is a logarithmic plot of the derivative d'=d for the primary and secondary ring depending on the distance x obs . Because of a factor f % 500 between both derivatives, the width of the secondary ring is only one part in 500 of the width of the primary ring! Since d'=d has a minimum at x obs % 0:18, an Einstein ring would have a maximum width at this position.
Let us return to the previous example with x obs % 0:103 415 and r obs % 367:83 ls. If the observer has a telescope with resolution Á % 1 mas (milli-arcsecond), the angular size of the source object must be at least Á' ð2Þ % 0:034 so that the secondary ring will be visible. Thus, the radius of the source of the flash of light should be roughly 10 times the Earth radius.
From the geometrical width of the ring we can also calculate the ratio between both rings concerning the relative brightness. The solid angle covered by an Einstein ring with apex angle and width Á is given by
Thus, the ratio ð2Þ = ð1Þ is of the same order of magnitude as the ratio between the widths of the rings. Now, if the source of the flash of light radiates isotropically with spectral intensity I at frequency , we know from the relativistic Liouville theorem [28] that I = 3 ¼ const along a null geodesic. Since a null geodesic starts and ends at the same radial distance from the black hole, there is no gravitational frequency shift for the flash of light. Thus, the ratio between the fluxes of the primary and secondary Einstein rings is solely due to the ratio of their solid angles.
D. Size of the rings and travel time of a light ray for fixed observer distances
While the observation process determines the mass of the black hole and the distance of the observer to it from the apex angle and the light travel time, Table I lists the relevant data for some fixed distances.
VI. DETERMINING DISTANCES AND THE MASS OF THE BLACK HOLE BY A DISTANT SOURCE
A more realistic way to determine the distance r obs to a black hole and its mass M is the observation of Einstein rings of the first and second order caused by a distant source, compare Fig. 8 . In our example, the black hole and the observer should be at rest with respect to e ach other. Now, if a star crosses the straight line spanned by the observer and the black hole, the observer will see one or more Einstein rings. Note that it does not matter where the star crosses the straight line since an Einstein ring will appear in any case. However, we will concentrate here on the case shown in Fig. 8 , where the star will be on the opposite side of the black hole. Of course, we also do not know the distance r src between the star and the black hole.
In general, the star will move with some velocity and, because of the finite speed of light, its actual position at observation time will be different from the point (r src , ' ¼ ). More important is the fact, that the Einstein rings appear with some time separation which we will use for determining the mass. If the star does not move, we need at least an increasing brightness or some other time dependent effect which leads to a corresponding time separation between the Einstein rings. For the following, we restrict to Einstein rings with apex angles ring < 
ring Þ. Furthermore, we can read from Fig. 9 that the primary Einstein ring not only limits the position of the observer, but also the angles of the higher order Fig. 10 . From the mathematical point of view, one could repeat this limiting procedure by measuring even higher order Einstein rings until one approximately gets the position of the observer. But in our example, we only use the primary and secondary Einstein rings. As discussed in the previous section, the usage of higher order Einstein rings might be nearly impossible because of the limited resolution of a telescope.
B. Determine distances of source and observer
After the previous considerations, we are now able to determine the distances of the observer and the source by means of the Einstein rings. Keeping the apex angle fixed, we obtain an equation x src ¼ x src ðx obs Þ from the orbital equation (14) . For the first order Einstein ring, this equation is only valid in the interval x ð ð1Þ ring Þ < x obs < x crit ð ð1Þ ring Þ. On the other hand, the second order ring reduces the interval to x 3 ð ð2Þ ring Þ < x obs < x crit ð ð2Þ ring Þ. Then, a simple root finding algorithm in this interval delivers both scaled distances x obs and x src , compare Fig. 11 .
To determine the mass of the black hole as well as the actual distances r src and r obs , we need the separation of time between both rings. From Eq. (16a) 
Since we already know the scaled distances and the angle of the rings, we immediately get the Schwarzschild radius r s and the corresponding mass. In the case of the apex angles 
The dimensionless time integral of Eq. (16a) yields masses M follows from Eq. (25),
where in the lower equation the proper time must be given in seconds. For example, if Á ¼ 10 À3 s, we would have a black hole with M % 6:2M .
C. Relation between the apex angles of the rings and distances of the observer and the source to the black hole
Following the procedure of the previous subsection, we will investigate the influence of the angular separation Á ¼ ð1Þ ring À ð2Þ ring between both rings on the distances of the observer and the source to the black hole. For that, we fix the primary Einstein ring to two distinct values. As discussed in section VI A, the admissible range for the position of the observer is given by 
Additionally, the secondary ring have to be in the range From Tables III and IV we can immediately read that both distances, r obs and r src , change with varying Á.
Furthermore, the smaller Á is the closer is the position of the source to the black hole. While the distances grow quite rapidly with increasing angular separation Á, the separation between both rings with respect to the observer's proper time Á keeps nearly of the same size. A lower bound of Á is given by the time a light ray needs to travel around the black hole on the photon orbit once,
If ð2Þ ring tends to c , the position of the observer approaches x , compare Fig. 9 , which means that the position of the source x src ! 0.
VII. COMMENTS
The analytic solution of the geodesic equation of light rays enables an observer to determine his distance to a black hole and its mass without further information like, for example, tidal forces. He only has to measure the apex angles of the concentric Einstein rings, which appear after he has emitted a flash of light, and their time separation. In practice, however, the observer needs a telescope with very high spatial resolution to measure the apex angle of the secondary ring. Furthermore, it must be sensitive enough to recognize the much fainter secondary ring. The same considerations concerning spatial resolution and sensitivity are necessary for a distant source. For a detailed discussion of the intensity of a distant star compare Ohanian [29] . Depending on the distances of the observer as well as the source to the black hole, the star has to move sufficiently fast so that the primary and secondary Einstein rings are clearly separated. Otherwise, both rings overlap and the secondary ring might be too faint to be observable.
Are we able to weigh the mass of a black hole from its light curve [30] alone which shows the time separation Á between the primary and secondary Einstein rings? If we assume that the distance of the star as well as the distance of the observer to the black hole is much bigger than the photon orbit (x src % 0 and x obs % 0), then the two null geodesics shown in Fig. 8 are roughly separated by one photon orbit. From the metric (1) we can immediately estimate the time a null geodesic needs to cover one photon orbit. Thus, with ds 2 ¼ 0 and r po ¼ 3 2 r s , the Schwarzschild radius r s % cÁ=ð3 ffiffiffi 3 p Þ [31] . However, this is only a lower estimate of the mass of the black hole.
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APPENDIX A: CUBIC EQUATIONS
If we consider the cubic equation a 3 x 3 þ a 2 x 2 þ a 1 x þ a 0 ¼ 0 as the graph, y ¼ yðxÞ, we immediately see how many real roots exist. In contrast to Cardano's well known formula for solving cubic equations, Nickalls [33] has developed a very nice geometric approach which is more intuitive, compare Fig. 12 
A further interesting parameter is the slope m N of the curve at the turning point ðx N ; y N Þ given by m N ¼ Àa
In the case y 2 N À h 2 < 0 there are three real roots which are given by
(A2a)
with cosð3ÂÞ ¼ y N =h.
For the cubic equation of Sec. IV, Eq. (8), we obtain x N ¼ 1=3, y N ¼ a 2 À 2=27, m N ¼ À1=3, ¼ 1=3, and h ¼ À2=27. Thus, y 2 N À h 2 ¼ a 2 ða 2 À 4=27Þ < 0 because we restricted the observation angle to crit < < À crit and we have always three distinct real roots.
APPENDIX B: ELLIPTIC INTEGRALS
In this article we follow the notation of Lawden [24] for the elliptic integrals. The connection between this notation and the one by Abramowitz and Stegun [34] is F AS ð'jmÞ ¼ F Lawden ðx; kÞ (B1) with m ¼ k 2 and x ¼ sin'. If x, k 2 R then we obtain two relations for the elliptic integral of the first kind. If x > 1, k < 1, and xk > 1, we obtain F ðx; kÞ ¼ F 1
On the other hand, if k > 1,
FIG. 12. The cubic polynomial yðxÞ ¼ a 3 x 3 þ a 2 x 2 þ a 1 x þ a 0 with the parameters x N , y N , h, introduced by Nickalls [33] . Depending on the relation r ¼ y 2 N À h 2 the cubic equation has one real root (r > 0) or three real roots (r 0).
